
E L A S T I C - W A V E  D I F F R A C T I O N  B Y  A F I N I T E  

C R A C K  U N D E R  A N T I P L A N E  S T R A I N  C O N D I T I O N S  

P .  A .  M a r t y n y u k  a n d  E .  N .  S h e r  UDC 534.26 

T h e  p r o b l e m  of e l a s t i c - w a v e  i n t e r a c t i o n  with  a c r a c k  has  b e e n  e x a m i n e d  in [1, 2] f o r  n o r m a l  wave  
i n c i d e n c e  in t he  c a s e  of p l a n e  o r  a n t i p l a n e  s t r a i n .  The  s o l u t i o n  of the  p r o b l e m  about  a r b i t r a r y  wave  i n c i -  
dence  in the  p l a n e  s t r a i n  c a s e  is  d e s c r i b e d  in [3]. 

T h e  d i f f r a c t i o n  of a s t e p  s t r e s s  wave  by  a f in i t e  r e c t i l i n e a r  c r a c k  at  an a r i b t r a r y  ang le  of i n c i d e n c e  
in  the  c a s e  of a n t i p l a n e  s t r a i n  is  c o n s i d e r e d  in Sec .  1 of th is  p a p e r .  The  m a t h e m a t i c a l  de s c r i p t i o n  of the 
m o t i o n  of an  e l a s t i c  m e d i u m  is  s i m p l e r  f o r  a n t i p l a n e  than  f o r  p l a n e  s t r a i n .  Th i s  p e r m i t s  ob ta in ing  s i m p l e r  
and m o r e  c o m p l e t e  so lu t i ons .  

T h e  d i f f r a c t i o n  by a c r a c k  fo r  n o r m a l  wave  i n c i d e n c e  u n d e r  the  cond i t ion  tha t  the c r a c k  r e a c h e s  the  
c r i t i c a l  s t a t e  a t  s o m e  t i m e  and s t a r t s  to deve lop  u n d e r  t he  e f f e c t  of the  inc iden t  w a v e  i s  c o n s i d e r e d  in Sec .  
2 in the  s a m e  f o r m u l a t i o n .  

1 .  O b l i q u e  I n c i d e n c e  o f  a S t r e s s  W a v e  

o n  a F i x e d  C r a c k  

An in f in i t e  e l a s t i c  so l id  con ta in ing  an i s o l a t e d  c r a c k  of l eng th  2l is  c o n s i d e r e d .  The  s t r a i n  s t a t e  i s  
a s s u m e d  a n t i p l a n a r .  T h e  s t r e s s - t e n s o r  c o m p o n e n t s  d i f f e r  f r o m  z e r o ,  

~ = ~tawlOx, ~zv = ~Owlaz 

w h e r e  w=w(x ,  z, t) i s  the  s i n g l e  n o n z e r o  componen t  of the  d i s p l a c e m e n t  v e c t o r .  
s i o n l e s s  v a r i a b l e s  

x '  z z' z w ' =  w ~' ~ t ' = t  c c 1/" / p  
= "-/-" = - 7 '  7 - '  = -~'- ' - r "  = r~ 

w h e r e  c i s  t he  t r a n s v e r s e  w a v e  ve loc i ty ,  and/z  i s  t he  s h e a r  modu lus .  T h e  Equa t ions  (1.1) and  the equa t ion  
of  m o t i o n  fo r  the  d i m e n s i o n l e s s  quan t i t i e s  a r e  w r i t t e n  as  {for s i m p l i c i t y  in t he  w r i t i n g  the  p r i m e s  a r e  o m i t -  
ted) 

aw Ow O~w a~w O2w = 0 

L e t  a s h e a r  wave  in t he  f o r m  of a s t ep  wi th  a m p l i t u d e  P0 be  inc iden t  on the  c r a c k  f r o m  the lef t ,  and 
le t  i t  b e  t angen t  to  the  l e f t  edge  of  the  c r a c k  at  the  poin t  x =  - 1  at the t i m e  t =  O. T h e  a n g l e b e t w e e n t h e d i r e c -  
t i on  of the w a v e - f r o n t  n o r m a l  and the  p o s i t i v e  d i r e c t i o n  of the  z ax i s  w i l l  b e  deno ted  by  ~o. The  p r o b l e m  
about  the  i n c i d e n c e  of  such  a w a v e  on a c r a c k  i s  equ iva len t  to the  p r o b l e m  about  a f r e e  c r a c k  on w h o s e e d g e s  
the  fo l lowing  load ing  a p p e a r s  a t  the  i n i t i a l  t i m e :  

p (x, t) = -T--~vz = -~-Po cos q9 H it - -  (x -]- 1) sin qD] (1.2) 
l ,  ~ > 0  

H ( ; ) =  O, ; < 0  

T h e  u p p e r  s i gn  in the  equa l i t y  r e f e r s  to the  u p p e r  edge  of the  s l i t .  The  c r a c k  length  r e m a i n s  c o n s t a n t  
the  whole  t i m e .  

(1.1) 

Let  u s  i n t r o d u c e  the  d i m e n -  

N o v o s i b i r s k .  T r a n s l a t e d  f r o m  Z h u r n a l  P r i k l a d n o i  Mekhan ik i  i T e k h n i c h e s k o i  F iz ik i ,  No. 3, pp.  149-  
154, M a y - J u n e ,  1974. O r i g i n a l  a r t i c l e  s u b m i t t e d  June  4, 1972. 

�9 19 75 Plenum Publishing Corporation, 22 7 West 17th Street, New York, N. Y. 10011. No part o f  this publication may be reproduced, 
stored in a retrieval system, or transmitted, in any form or by any means, electronic, mechanical, photocopying, microfilming, 
recording or otherwise, without written permission o f  the publisher. A copy o f  this article is available from the publisher for $15.00. 
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T h e  f o r m  p r e s e n t e d  f o r  p(x, t) m e a n s  tha t  the load is  p r o p a g a t e d  
a t  the in tens i ty  * P0 cos  q~ a long the  c r a c k  length  f r o m  the edge x = - 1  
at  the cons tan t  ve loc i t y  (sin ~p)-~ unt i l  it r e a c h e s  the oppos i t e  edge  of 
the  c r a c k .  Af t e r  this ,  the load r e m a i n s  cons tan t .  T h e  so lu t ion  of the 
d i f f r ac t ion  p r o b l e m  can  be  obta ined  by adding the  so lu t ion  of the p r o b -  
l e m  of a f r e e  c r a c k  sub jec ted  to the  load 61.2) at  the ini t ia l  ins tant  to 
the  so lu t ion  d e s c r i b i n g  the  mo t ion  of an incident  w a v e  in a cont inuous 
inf ini te  e l a s t i c  body.  F o r  such  a wave  

w (x,  z, t) = - - p 0 H  it - -  ( t  + x)  s i n  r - -  z cos q~] 

In such  a wave  the  s t r e s s - t e n s o r  componen t  r y z  wi l l  be  

%z = P0 cos r H it - -  (1 -t- x) sin q~] 

on the  c r a c k  z = 0 , - l <  x r  +1 .  

In combina t i on  with the  va lue  f r o m  (1.2), this  y ie lds  the  condi -  
t ion "ryz = 0, on the  c r ack ,  which should indeed be  sa t i s f i ed  in the  di f -  
f r a c t i o n  p r o b l e m .  T h e  p r o b l e m  about the load (1.2) is  a p a r t i c u l a r  
c a s e  of the p r o b l e m  so lved  in [4]. R e p r e s e n t e d  in Fig .  1 is  the  k i n e -  
m a t i c s  of d i v e r s e  wave  f ron t s  which  o r i g i n a t e  b e c a u s e  of wave  r e f l e c -  
t ion  f r o m  the  c r a c k  e d g e s .  T h e  s o l u t i o n  is  sough t  i n  t h e  z o n e s  d e n o t e d  
by the  n u m b e r s  0, I, I I .  

Acco rd ing  to  [4], the e x p r e s s i o n s  f o r  "ryz in zone 0 a r e  f o r  z = 0 

~(~) 
= .  pocos9 !. V ~ n  &l 

�9 ~o (~o, %) ~ V no - n~ (~o) - ~ + ~  n o -  n 

~,('~o) 

!. �9 ~0(~0, ~o) = ~ VU-:-UC~(no) --,, +~, 
(1.3) 

~=(t-~)lV~, n=(t+x)/V~, ~=V~+n, m=V~+~ 
i -k sin r ]/'2 sin ,I) ~r2 sin (p 

T ----- I -- sin (p ' Ti  ~ T - i ,  ~ ---~ i - - ~ n ~  ' ~ i  = I -l- sin r 

w h e r e  }, 77 a r e  c h a r a c t e r i s t i c  v a r i a b l e s :  rio , r20 a r e  the va lue s  of "ryz 
fo r  the r igh t  and lef t  ends of  the c r a c k ,  r e s p e c t i v e l y .  Eva lua t ing  the  
i n t e g r a l s  in (1.3), we  obta in  

~,o (~, n) 

- -  arc tg 

- -  arc tg 

2pocoscp {[  2 ~ - { - ] f 2 ( i - - 2 s i n c p )  IV, 
= n i11 - -  ~ - -  1/'~) ( i  - -  sin (p) 

[ 2~ + I/'~(i - 2 sin q~) ]%} 

.I 

(I .4) 

As i s  s een  f r o m  (1.3), ~q.4), "rio and "r20 have  s i n g u l a r i t i e s  of  o r -  
d e r  (Ax)- l /2 ,  w h e r e  Ax<<l ,  as  T0 tends  to  7/1 (~0 to ~1). In the l imi t  
c a s e  we can  w r i t e  

~(~) 
Klo (~o) | I 't" (F,o, 

1/-n~ (~o) - n drl] V ~  
K,('ao) 

K2o (no) t r t ,c (~ ~1o) 

( i  .5) 
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K~o (~) = pc 2,/, [2~ + ] / 2  (1 - -  2 sin r cos 

K'~ = - ~  - 2'/'[2~l + v~]~/ 'sin~ (~ 4 ~-) 
(i .6) 

H e r e  Klo and K20 a r e  intensi ty f ac to r s  for  the s ingular i t ies  at the heads of the c racks  approached f r o m  
outside. The quanti t ies  Klo and K20 a r e  monotonical ly increas ing  functions of the i r  a rguments ,  where  up to 
the t ime  of a r r i v a l  of the f i r s t  r e f lec ted  wave f r o m  the opposi te  end of the crack,  i .e. ,  for  Klo at ~ = 1 / 4 2 ,  
and fo r  K20 at 7? = (1 + 2 sin 9) /42,  the i r  values  ag ree  and a r e  equal to (po/~r) 23/2 sin 2/3. Hence, it is  seen  that 
as q~ v a r i e s  between 0 and *r/2, the m a x i m u m  value of Klo and K20 v a r i e s  between (po/~r) 23/2 and 0. F o r  
no rma l  wave incidence on the crack,  i .e. ,  for  ~o = 0, ~'lo ag rees  with ~20. 

The s t r e s s - i n t e n s i t y  coefficients  in zones I and H a r e  computed f r o m  the fo rmu la s  

.K 2 -,/4 r ~' ~ t 3 + 2 s in  q~ xx (~o) = -~ l - -  { "~o (~o, ~1) &l + 2V'po cos cpj • ~o < t '  

"~o (~o, ~1) d~] "~21 (~o, ~1) ~ ~ .,/, ) 3 + 2 sin qD 5 
] f ~ a n  -1- ~ Pc V2 lf2 

2- ' / ' (  !. ,lO(~,~1o) d~: 2'/'p0cos(p}, t+2sinrp ~ 1 o <  3 

i / ~  ~ 
K~ 010)= _2-'/ '~_ ~.[ *~o (~, ~1o) 5d ~ ~ *n (~, ~10) d~ + 2'/'p0 cos ~p~,, ~ 3  < ~lo < 5+ 2 sin ~p (1.7) 

- -  (~o) - -  

-x/lfi ~10 -- ~l ~,, ~10 -- ~l 

~q~= --  W-2-+~, ~ - - -  V ~ + n ,  ~ , _  (2 sin(p--t) (2 sin~p+l) 
V ~  ' '1" = V ~  

The f i r s t  subscr ip t  in these  expres s ions  indicates  the end of the c rack .  Thus, 1 cor responds  to the 
r ight  end x = + l ,  and 2 to the left  end x = - l ;  the second subscr ip t  denotes the zone or  the quantity of a r r i ved  
re f l ec ted  waves .  The  expres s ions  (1.7) we re  evaluated numer ica l ly .  The  r e su l t s  of a numer i ca l  computa-  
tion of the t i m e  change in the ra t io  between the s t r e s s - i n t e n s i t y  f ac to r  and its s tat ic  value a r e  p resen ted  in 
F igs .  2 and 3. The  curves  in Fig .  2 cor respond  to the left end x = - 1 ,  and in Fig.  3 to the right end x = l .  
The cu rves  denoted by the numbers  1, 2, 3, and 4 co r re spond  to the values  ~ =  0, ~r/8, ~r/4, ~r/3, r e spec t ive ly .  
It  is seen  f r o m  these  graphs  that the s t r e s s - i n t e n s i t y  fac tors ,  r e f e r r e d  to the i r  s ta t ic  value, f i r s t  r i s e  to 
1.27, then f lucuate and tend to one. This  ag rees  with the solutions in [1-3]. Shown fo r  compar i son  in Fig.  2 
by dashes  is  the solution fo r  the no rma l ly  incident wave taken f r o m  [2]. The  d i f ference  f r o m  the cu rve  1 
cor responding  to n o r m a l  incidence can be explained by the e r r o r  in the approx imate  calculat ions used  to 
obtain the solution in [1]. 

F r o m  the f r a c t u r e  viewpoint, both ends of the c r a c k  a r e  equally dangerous for  s t ep - type  waves.  The 
m a x i m a l  s t r e s s e s  or ig inate  e a r l i e r  at the f a r  end of the c r a c k  (x= 1), therefore ,  f r a c t u r e  can indeed s t a r t  
there .  

2. D i f f r a c t i o n  b y  a D e v e l o p i n g  C r a c k  

If  the s t r e s s e s  which appear  during wave diffract ion by a c rack  exceed the c r i t i ca l  value, then the 
c rack  s t a r t s  to grow. The  law of mot ion of the c rack  end is  de te rmined  by the equation [4] 

~2v4K (2.1) 
(r4 + 8:~T~) ' Y 1 - ~, 

He re  T is the energy  lost  i r r e v e r s i b l y  as the end of the c r ack  advances pe r  unit length; K is the s t r e s s -  
intensity fac tor  at the tip of the crack,  which is de te rmined  by fo rmulas  analogous to those  p re sen ted  in Sec. 
1 fo r  a fixed crack.  
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It  is hence fo r th  a s s u m e d  that  T = const .  The  c a s e  of n o r m a l  wave 
inc idence  on a c r a c k  is  cons ide red .  The  mot ion  of the c r a c k  s t a r t s  at the 
t i m e  t = t  0 at which the s t r e s s  in tens i ty  r e a c h e s  its c r i t i c a l  va lue  and t20 = 
~rT2/4Po 4. By  v i r t u e  of s y m m e t r y ,  the cons ide ra t i on  can  be l imi ted  to the  
mot ion  of  one end of the c r ack .  The  law of r i g h t - e n d  mot ion  is wr i t t en  as  

x (t) ----- i -~ t -~ [~/2 - -  1--2 arc tg t / tol to (2.2) 

which has  been  found in [4] fo r  a semi inf in i te  c r a c k .  This  law is va l id  f o r  
f ini te  c r a c k s  even to the t ime  of wave  a r r i v a l  f r o m  its oppos i te  end. The 
magni tude  of this  t ime  t i can  be  d e t e r m i n e d ,  

t z = totg [ t / t  o + ~/4 - -  1/2] (2.3) 

F o r  t0=4/(2+~r  ) this  e x p r e s s i o n  b e c o m e s  infinite,  i .e. ,  f o r  t0-<4/(2+ 
7r) the wave f r o m  the left  end of the c r a c k  cannot r e a c h  the  r igh t  end. In 
this  case ,  the l a w  (2.2) is  sa t i s f i ed  all  the t ime  that  the  s t r e s s  in the inci-  
dent wave  is held at the ini t ial  level  P0. If  to> 4/(2+~r), then f o r  t>  t0 tan  [1/ 
t 0 + v / 4 - 1 / 2 ]  the inf luence  of the left  end of the c r a c k  s t a r t s  to be  fel t .  In-  
ves t iga t ing  the dependence  of the c r a c k  a c c e l e r a t i o n  on t 0, it can  be  e s t ab -  
l i shed that  f o r  tor 1.71 the  mot ion  of the c r a c k  tip cont inues  to be a c c e l e r -  
a ted a f te r  the  f i r s t  d i f f rac t ion,  but f o r  to> 1.71 it s t a r t s  to  slow down and 
can even cease .  

P r e s e n t e d  in F ig .  4 a r e  g r aphs  of the t i m e  change  in c r a c k - d e v e l o p m e n t  r a t e  f o r  t 0 = l . 0  , 1.5, 1.8 
(curves  1, 2, and 3, r e spec t ive ly ) ,  obtained by  n u m e r i c a l  in tegra t ion  of (2.1). The  law of t ime v a r i a t i o n  of  
the s t r e s s - i n t e n s i t y  f a c t o r  f o r  the p r e s e n t e d  va lues  of t o is shown in F ig .  4 by cu rves  n u m b e r e d  4, 5, and 6. 
The  s t r e s s - i n t e n s i t y  f a c t o r  K is r e f e r r e d  to its s ta t ic  va lue  Kc =p0v~-~, w h e r e  2l is the ini t ia l  length of the 
c rack .  The  dashed  l ine in this  g r a p h  c o r r e s p o n d s  to  the c a s e  of a fixed c r ack .  The  t r a j e c t o r i e s  of c r a c k  
mot ion  fo r  t 0= l .0 ,  1.5, 1.8 a r e  shown in Fig .  5 by  the  c u r v e s  1, 2, and 3. The  s t r a igh t  l ine in F ig .  5 is the  
t r a j e c t o r y  of a wave  emana t ing  f r o m  the  left  end of  the c r ack .  

Let  us p r e s e n t  s o m e  e s t i m a t e s  of the inf luence  of  the wave  dura t ion  on the f ini te  s i z e  of the  c r a c k .  
Let  us  a s s u m e  that  a r e c t a n g u l a r  wave  of dura t ion  �9 is n o r m a l l y  incident  on the  c r a c k .  The  f inal  s i ze  of the 
c r a c k  is d e t e r m i n e d  by the p a r a m e t e r s  t o and "r in this  ca se .  

If  t o > 2, which  m e a n s  that  the  s t r e s s - i n t e n s i t y  f a c t o r  does  not  r e a c h  its c r i t i c a l  value,  then the  c r a c k  
does not g e n e r a l l y  m o v e  f r o m  its p lace .  S imi l a r l y  f o r  �9 _< t 0. T h e s e  r e s t  domains  a r e  shown by dashes  in 
the to t  plane in F ig .  6.* T he  l ine in F ig .  6 bounds  the domain  D of the s t a t e s  t0"r f o r  which the  s topping of 
the c r a c k  wil l  o c c u r  be fo re  the f i r s t  d i f f rac t ion.  The  law of c r a c k  mo t ion  f o r  this domain  a f te r  the load has  
been  r e m o v e d  is  d e s c r i b e d  fo r  t=~" by the equation 

2 = [ ( ~ t  - -  ] / t  - -  ~)~ - -  to ~] [ ( ] / r [  _ ] / - t  - ~)4 _~ to2]-1 ( 2 . 4 )  

Stopping of the c r a c k  o c c u r s  at  the  t ime  ~r = (T + t0)2/4t0. The  i n c r e m e n t  in the c r a c k  length  a f te r  r e -  
mova l  of the load at t = ~" unti l  the t ime  of s topping equals  

A x = ~  a r c t g T - -  4t0 

The  equat ion of  the b o u n d a r y  c u r v e  in F ig .  6 is r e p r e s e n t e d  as 

(4 ~ v) t o - -  2t20 --  v 2-~ (T 2 - -  3to 2) (arc tgv/t 0 -  ~/4) = 0 

The  solut ion has  not been  obtained s u c c e s s f u l l y  in f inal  f o r m  outs ide  the  domain  ment ioned.  It can 
only be  noted that  f o r  l a r g e  ~- the f inal  s i ze  of the c r a c k  wil l  be on the o r d e r  of % s ince  the  l imi t ing  ve loc i ty  
of the c r a c k  equals  one. 

The  a s s u m p t i o n  of the cons t ancy  of T is e s sen t i a l  f o r  the r e s u l t s  obtained.  In s o m e  expe r imen ta l  r e -  
s e a r c h e s  on the n o r m a l  t ens ion  of op t ica l ly  ac t ive  p o l y m e r s  [5] it was  de tec ted  that T g rows  as the c r a c k  
g r o w s .  As a resu l t ,  it t u rns  out tha t  the s t r e s s - i n t e n s i t y  f a c t o r  i s  a lso  a g rowing  funct ion of the t ime,  and 
the l imit ing ve loc i ty  of c r a c k  p ropaga t ion  is c o n s i d e r a b l y  l e s s  than the  t h e o r e t i c a l  l imit ,  the Rayle igh value .  

* As in Rus s i an  or ig inal .  The  dashes  do not appea r  in Fig.  6 -- Pub l i she r .  
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